PRINCIPLES OF ANALYSIS
LECTURE 15 - LIMITS OF FUNCTIONS

PAUL L. BAILEY

1. LiMIT OF A FUNCTION

Let D C R and let zp € R be an accumulation point of D. Let f : D — R and
let L € R. We say that L is the limit of f at xg, and write L = lim,_.,, f(x), if

Ve>030>030< |z —xo| <d=|f(z)—L| <e.

Proposition 1. Let D C R and let zo € R be an accumulation point of D. Let
f:D —Randlet L € R. Then lim,_ .., f(x) = L if and only if every deleted
neighborhood of xq is mapped by [ into a neighborhood of L.

2. MAIN EXAMPLES

Do you know your asymptote from a hole in the graph?
Let D = (—00,0) U (0,00) and consider these examples of f: D — R.

Example 1 (Asymptote). Let f(z) = 1.

Example 2 (Hole in the Graph). Let f(z) = 2

x

(
Example 3 (Jump). Let f(z) = ‘i—l
Example 4 (Oscillation). Let f(x) = sin
(

Example 5 (Squeeze). Let f(z) = zsin(

Example 6 (Steps). For k € ZT, let Di = (5%, 55=1)- Let {yn}sZ, be any
sequence of real numbers. Consider the function f : (0,1] — R given by f(z) =
Yk if v € Dy.
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3. ONE-SIDED LiMITS

Let D C Rand let zg € R. Let f: D — R and let L € R.
The left side of D with respect to xg is

D, = (—o0,z09) N D.
We say that xg is a left-sided accumulation point of D if x( is an accumulation
point of DIE'

The right side of D with respect to x is

str = (xg,00) N D.
We say that xg is a right-sided accumulation point of D if z( is an accumulation
point of Dwaf.

Clearly, z( is an accumulation point of D if and only if z is either a left-sided
or right-sided accumulation point of D, or both. We say that x¢ if a two-sided
accumulation point of D if it is both a left-sided and a right-sided accumulation
point of D.

The left restriction of f with respect to xq is f rDm*'

The right restriction of f with respect to xq is f [[;)er.

We say that L is the left-sided limit of f at x, and write L = lim,__ f(z),
if L is the limit of f [p _.
o
We say that L is the right-sided limit of f at xg, and write L = limm_mg ),
if L is the limit of f [p | .
If g is a two-sided aoccumulation point of D, then L is a limit at zg if and
only if L is both a left-sided and a right-sided limit at xg.



4. LIMITS AND SEQUENCES

Lemma 1. Let {s,}52, be a sequence and let L € R. Then {s,}2, converges
to L if and only if every subsequence of {s,}5°; converges to L.

Proof. We already saw this. O

Proposition 2. Let f: D — R and xg an accumulation point of D. Then f has
a limit at xo if and only if for every sequence {x,}°°; in D \ {xo} converging
to xo, the sequence {f(x,)}52, converges.

Proof. We prove both directions.

(=) Suppose that f has a limit at xg, and let L be this limit. Let € > 0 and
let {x,}52 1 be a sequence in D \ {zo} which converges to xg. There exists § > 0
such that if 0 < |z —x0| < 6, then |f(x) — L| < e. Also, since {z,}52, converges
to zg and z,, # xo for all n, there exists N € Z* such that if n > N, then
0 < |zn —xo| < 6. Thus, for n > N, |f(z,) — L| < €. Thus lim,,—, f(z,) = L,
and in particular, {f(z,)}32, converges.

(<) Suppose that for every sequence {z,}52; in D \ {z¢} converging to xo,
the sequence {f(z,)}22, converges. We wish to show that f has a limit at xo.

First we claim that if {z,}5%; and {y,}22; are sequence in D ~\ {xo} which
converge to xg, with limits L1 and Lo respectively, then L; = L,. To see this,
form a new sequence {z,}5%; by zon—1 = 2, and 22, = y,. Then {z,}>2; has
a limit, say L. Moreover, every subsequence of {z,}32; converges to L, and
{z,}52; and {y,}32, are subsequences. Thus L; = Ly = L.

Now let L denote the common limit of the sequences under consideration; we
wish to show that L is the limit of f at xg. Suppose not. Then there exists € > 0
such that for every 6 > 0, there exists x with 0 < |z —x¢| < 6 but |f(z)— L| > €.
For n € Z%*, let z,, € R be and element such that 0 < |z, — zo| < % but
|f(zn) — L| > €. Then {z,}52,; converges to xo, but {f(z,)}52,; does not
converge to L. This contradicts the hypothesis. O

Corollary 1. Let D C R and let xg be an accumulation point of D. Let f :
D — R and g : D — R have limits at xo. Then so do f+ g, fg, and f/g when
g is nonzero in D NU for some neighborhood U of xog. Moreover,

(a) limg g (f(2) + g(2)) = limg—q, f(2) 4 lima—q, g(z);

(b) limy—g, (f(2) - g(x)) = limg—ay f(@) - limg—ay g(2);

(¢) limg— .y (f(2)/g(x)) =limg—y, f(x)/limg— ., g(x) (if appropriate).
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